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ABSTRACT: In this paper, we will solve an unforced Duffing equation with its initial value. Which is an example of
nonlinear oscillator differential equations and find the approximation solution of this equation using Laplace Adomain

Decomposition Method (LADM).
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1- INTRODUCTION:

In 1980 George Adomain introduced a powerful method to
solve nonlinear functional equation. Since then, this
method is known as the Adomain decomposition method
(ADM). The technique is based on a decomposition of
solution of nonlinear equation in a series of function® .the
series obtained from a polynomial generated by power
series expansion of analytica function .

2- Modified Adomain Decomposition Method (ADM):
The principle of the Adomian decomposition method
(ADM) when applied to general nonlinear equation is in the
following form’™®

Lu+Ru+Nu=g (1)
The linear terms decomposition (Lu + Ru), L is an easily

invertible linear operator , R is the remaining linear part . 3-

The nonlinear terms are represented by Nu .
Take Laplace inverse to both side in equation (1)
= L7g} — L7 {Ru} — L7 {Nu} 2
The decomposition method represents the solution of
equation (2) as the following infinite series :
U= Yooly =Uy+ Uy + Uy + o+ U, 3
uy = L7'{g} (4)
u=1uy— L Y{Ru} — L7{Nu} (5)
The nonlinear operator Nu = F(u) in to a particular series
of polynomial .
Nu =370 4y, (6)
Where An , are adomian polynomials , which are defined :

[FZL OAuL]lll 0 (7)

n = aan

Ay =F A = _F(uo +u D)= = u F (1)
Ay = uyF (up) + lu1F”(uo)

Az = uzF (up) + uguF(ug) + lulF(3)(u )
Ay = uyF (up) + (u1u3 21, u1) F"(u,)

1
+ Eu%uzF(” (ug) +

1
EUE}F(Q (uo)

As = usF (u) + (upuz + uugF (uo) +

1
(u1u3 + uzul)F(3)(u0) + _u1u2u1F(4) (up)

1
+ a F(s) (uo)
®)

Equation (1) becomes :
Yo ou, =L g} —LRYu, — LY A, (9

uo =L Yg}+ o . uy =—L"1Ruy— L71A,

u, = —L71Ru, — L7114, ,us = —L71Ru, — L714,
u,=—-L*Ru,_,— LA, (10)
Where ¢ is the initial condition,

The approximation of the solution :

Uy = T ouy (11)
with the limy_, Uy = u (12)

Appling Laplace Adomain Decomposition Method
(LADM) for Duffing equation:
Duffing equation:

¥+ 8x + Bx + ax® = fcos(wt) (13)
When§ =8 =a =1,and f = 0 the above equation
become

F+x+x+x3=0 (14)
Let we apply the boundary conditions
x(0)=1and x(0) =0 (15)

Let us apply the technique Laplace Adomain
Decomposition Method, which described in pervious
chapter, to solve Duffing equation. First apply Laplace
transform in eq.(14) we get

L{E@®)} + L ()} + L{x(®)} + L{x3 ()} =0

From the properties of the Laplace transform of the
derivative

L{x ()} = s2X(s) — sx(0) — x(0)

L{x(t)} = sX(s) — x(0)

L{x(©)} = X(s)

s2X(s) — sx(0) — x(0) + sX(s) — x(0) + X(s) +
L{x3(t)} =0

Applying boundary conditions
X()(s2+s+1)=(s+1) — L{x3(®)}

s+1 1

X(S) = (sz+s+1) 52+s+1)L{x3(t)} (16)
L{x3(t)},nonlinear term
Applying inverse (L.T)
x(6) = L7HX ()} =
[(sz+s+1) - [(sz+s+1) L{xB(t)}] (17)

July-August


mailto:ejaradat@mutah.edu.jo
mailto:jaradat@mutah.edu.jo

434 ISSN 1013-5316;CODEN: SINTE 8 Sci.Int.(Lahore),32(4),433-437,2020

Now replace the linear terms x(t) by an infinite series. And so on
x(t) = Yo Xn (1) (18) Now the equation (18) become.
- 3 . s . - ~ 1 _ 1 -
The nonlinear operator x*, is defined by an infinite series. Yo x,(t) = L7t (szs+s+1)] -1 [(52+s+1) L{¥7=o An}]
x3 =32 A, (X0, Xq, e enn) (19) 1)
A,, called Adomian polynomials of (xg, xq, ... ....., X,) Can L[ s+t
be calculated by . %) =L [(52+s+1) (22)
1(d" o i _ 1

Ao Xy, o) = = (S2) IN(EZ0 A )] n= 60 (6) = L7 [ LAWY (23)

— 1
0123, _ _ %) = 17 [ LAy (24)
The first six Adomain polynomial of A4,, as L
Ao = x§ ' Ay =3x8 x3 () = L7 [(sz+s+1) L{AZ}] (25)

= 2 2 — 1
A = 3x§x, + 3xox] xn(8) = L7 [ LA (26)
Az = 3x3x, + 6x0x1%, + x3
— 2.2 2 2 Now
Ay = 3x5x4 + 6x9x1X3 + 3x9x5 + 3xix, I s
Ag = 3x2x5 + 3x,X2 + 6x0x,%3 + 6x9x1 X, + 3x5X5 Xo(t) = L [(sz+s+1)
e_% sin(?t) ot V3
(20) xo(t) = — 5 — tezcos (7 t) 27)

=0.5
=1.0
Fig (1): the initial approximation solution of the Duffing equation.
. . . _ 1
Notice present the damped of displacement x of a spring Xy q(t) = L1 [(52+s+1)L{A"}] (29)

with time t, the system returns to equilibrium quickly o _
without oscillating. For example Pendulum suspended in  Substituting n = 0, in eq.(29) we get

water. x,(t) = —L1 1 L{A,} (30)
Substituting eq.(27)in eq.(21) we get ! [(s2+s+1) 0 ]
¢ V3 From eq.(22) we get
o e 2sin <Tt> . V3 Ay = x3
t)=—F——+e2 —t|-L" 3
PIAC e cos< 4 ) @) .
n=0 Ay =|——=—*%+e z2cos (— t) (31)
[ el ( 28) = 2
(s2+s+1) n=04n - -
Generally, the term x,,,, , is given by Substituting A, in eq.(30) we get
o 3

-1 1 e 2sin St ot ﬁ
% () =—-L ey L 5 tezcos ( . t) (32)

__ -1 1 s34+652+18s5+21
x () == -1 [(Sz+s+1) ((sz+3s+3)(sz+3s+9))] (33)

x(t) = %9_3”2 [—1389t sin (g t) + 39sin (? t) + 5sin (? t) + 42+/3et cos (? t) — 3943 cos (? t) —
3v3 cos (32£t)] (34)
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Fig (2): the first approximation solution of the Duffing equation.

Notice present the damped of displacement x of a spring with time t, the system returns to equilibrium quickly without
oscillating.
From eq.(20) to find A,

A, = 3xéx,
A, =
2
3 (ﬁ + e_é cos (ﬁ t)) (Le_“/z [—138€t sin (ﬁ t) + 39 sin (E t) + 5sin (ﬁ t) + 42+/3et cos (ﬁ t) -
V3 2 78V3 2 2 2 2
39v3 cos (g t) —3v/3cos (¥ t)D (35)
x(t) = —L7 [ LAy (36)
Substituting eq.(35) in eq.(36) we get
_t V3 2
x,(8) = —L7t mL 3 (% + e cos (? t)) (%\/5 e3t/2 [—1386t sin (g t) + 39sin (gt) +

5sin (? t) + 42+/3et cos (? t) — 393 cos (? t) —3+/3cos (? t)])

5245+1 26V3 2

x,(t) = =L71 L l[e_?sm(ﬁt)ﬂ] [—138et sin (\/2—5 t) + 39sin (? t) + 5sin (3\/§ t) + 42+/3et cos (\/2—§ t) -

39+/3 cos (g t) —3+/3cos (¥ t)]

i 1 21(S+%) 69\/5(”%) 69 21\/§<(s+%)2+%)2 3(s+§)
x,(t) = —L [2 1 nZ 3\ 2 3 N2 27\ 323+ N2 3 N2 27\ 523+
sots+ [13((s+5) +Z) 13((s+5) +Z)((S+5) +T) 26((”5) +Z) 13((s+5) +Z)((S+E) +T) 2((s+5) +Z)
; (6¢) 33+’ 3v3(s+5) 15 15v3(s+3)

P R O e A YA o S S g RS Jers Ie AVE E (OOE L B

3ﬁ((s+5)2_1_5)2 7_5)] @37)

26((s+g)2+g)((s+g) iz
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35v3 _t (V3 21V3 3t (V3 21 _t (V3 21 3t V3
T © 251n<7t>+ T € 2 sm< >+§e 2cos<2 t)—ﬁe 2 cos(2 t)
+ge 2sin (\/?t)—ﬁe_%sin<§t>+ 207 e 32t51n(3\/§t)—207\/_ “cos (ﬁt)

169 2 104 2 1352 2 676
+ 23\/_ cos <\/§ t) + 115@6_% cos (£t> + §\/ge_% sin <§t> + §\/§e_¥ sin (§t>

104 °© 2 1352 2 52 2 52 2
——\/_e 2cos <§t> +@e_%cos <§t) - 27936_%sin <§t) —ﬁe_% sin (ﬁt)

52 2 1352 2 208 2
—2974054e_¥sin<3\2/_ ) %\/_e 2cos (?t)—%\/_e_ﬁcos<?t)

257%\/_e 32tcos(3\2/_ )—;—1\/_6 Zs1n(§t>+%\/_e 52tsm(§t)+1—1e ;cos<§t)

3 st (V3 _t (V3 V3 st (V3 3 t (V3 3 st (V3
eV 2cos<7t>—e Zsm(?t)—ﬁe 2 sm<7t)+%e 2cos<2 t)—%e 2cos<7t)
+—\/_e 251n<§t>——\/—e B sm<£t>+ 3 e_%cos<§t> 3 —e 52tcos(3\/§t>

1456 2 1456 2 1456 2 1456 2
+ﬂe gsm<\/§ )+ﬁe 52t51n<\/§t>—ie 52t51n(3\/_ )——\/—e 2cos(\/§t>

224 2 224 2 224 2 2
+—\/_e 2cos<§t)+ﬁ\/_e tcos<3\2/—t)+;2£§e_%sin<§t>

108 9 78 V3 78 st 9
—m\/_e sm(ﬁt>—m\/—e cos(Tt)+2437e 2cos(ﬁt)

75 ¢t (V3 5 st (3V3 15 _t (V3 15 st (33
~Tat6® 251n(7t>+1456e 2 51n<7t)+1456e 2cos<7t)—1456e 2cos(7t>

1725 _t (V3 5 st (V3 25 st (5V3 495 t (V3
—90272e 251n<7t>+?8€ 2 sm<7t)—we 2 sm(Tt>+m\/§e 2cos<7t>

5 st (V3 35 st (53 411 ¢t (V3 3 st (V3
—364\/§e 2cos(7t)—me 2COS(Tt)+me Zsm(?t)—ﬁe 2 sm(7t>
21 st V3 3 st (V3
T 12896° < ) S0272 3¢ Zcos(z t) 728"3¢ 2C05(2 t)
5t
12896\/_e €os ( 2 )
x,(8) =
—1.76'_% sin (? t) + 0.5¢~ 32t sin (£ t) + 0.17e_% sin (\/2—5 t) —2.16 e_gcos (ﬁ t) +0.78 e_37tcos (\/2—§ t) -
O.Ze_%t sin (32—‘/5 t) +0.5 e_7cos (T\/_ t) —0.26 e_%cos (\/_ ) + 0.009¢™ Szt sin (it) + 0.06 e_%cos (¥ t) -

5t 5t 5t
0.2e‘7sin(%t)+0.06e‘7cos(%t)—0.004e‘751n(7ft) 0.003 ¢ zcos(\/—t) .. .8)
AVAFAY
2A\L)
l_
1 m | J
L 2 4 [ 8 10

Fig (3): the second approximation solution of the Duffing equation.
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Notice present the damped of displacement x of a spring with time t, the system returns to equilibrium quickly without

oscillating .
The approximation solution,

x(t) =xg+x; +x, + - xp

_t (3 3t (V3 st (V3 t (V3
x(t) =4{—4.18705e 2 sin 71? + 1.36603¢" 2 sin 7(? + 0.17¢ 2 sin 7t —0.622 e 2cos 7t
3t (V3 3t (33 3t (33
+ 0.28 e 2cos 71? —0.08897e 2 sin Tt + 0.461538¢e 2cos Tt
5t 3 5t 3v3 5t 3v3 5t 9
— 0.26e 2cos £15 + 0.009e" 2 sin it + 0.06 e 2cos it —O.Ze_Tsin(—t>
2 2 2 2V7
_st 9 st (5V3 st (5V3
+ 0.06¢e 2 cos(—t)—0.004e 2 sin|{—t)—0.003e 2cos|—t |+
247 2 2
3 _
o
1L
—

'
10

o . .
2 4 6 8
-1 [

-2

-3 L

Fig (4): the general approximation solution of Duffing equation.

Notice present the damped of displacement x of a spring
with time t, the system returns to equilibrium quickly
without oscillating.

CONCLUSIONS :

In this work, the powerful Laplace Adomain
Decomposition Method, and its modification were
employed for analytical treatment of nonlinear partial
differential equations. The unforced Duffing oscillator is
considered to show that the modified Adomain
Decomposition Method more convenient. And use
Walfram Alpha program to plot the solutions.
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